Abstract-The spherical homeomorphism conjecture, proposed by Shattuck and Leahy in 2001, serves as the backbone of their algorithm to correct the topology of magnetic resonance images of the human cerebral cortex. Using a canonical image-thickening technique and the authors' previously proven "spherical homeomorphism theorem for surfaces," we formulate and prove a spherical homeomorphism theorem which is valid for all digital images when utilizing the (26,6)-connectivity rule.
I. INTRODUCTION AND OUTLINE
The human cerebral cortex, viewed as closed at the brain stem, may be thought of as a surface topologically equivalent to a sphere. Due to noise and resolution issues, a magnetic resonance image approximating the cerebral cortex may fail to be spherical and, worse yet, may not even be a surface. Correcting the spherical topology is important for mapping the regions of the cerebral cortex by neurological and biological function, and much attention has been paid to this problem in the recent literature (see [2] , for instance, and the references listed there). In [3] , Shattuck and Leahy proposed a method to correct the spherical topology based on their Spherical Homeomorphism Conjecture, which conjectured that the boundary of a digital image is topologically spherical if and only if the "foreground" and "background" graphs associated with the image are trees. In [1] , we showed that, subject to the condition that the boundary of the digital image is a surface, the conjecture is true. The idea of the proof was to consider the Euler characteristics for the boundaries of [ the parts of the image represented by ] the vertices and edges of the associated graphs and to then combine these into the global Euler characteristic for the boundary of the entire digital image.
In this paper, we show that if the boundary of a connected digital image is not a surface there is a canonical way to adjust it so as to yield a surface. Then we show that when the foreground and background graphs are constructed using the (26,6)-connectivity rule, the Spherical Homeomorphism Conjecture holds for the adjusted boundary.
In Section II, we show that the boundary of a connected digital image fails to be a surface precisely when the image contains one of three "forbidden" subimages, and that a simple thickening fixes these problems, rendering the boundary a surface. In Section III, we review the Spherical Homeomorphism Conjecture and the special case for which it was previously proved. We then formulate and prove a Spherical Homeomorphism Theorem which is true for all digital images when utilizing the (26,6)-connectivity rule. 
II. THICKENING NONSURFACES
We use the term surface to refer to a compact, connected subset of 3 that is locally homeomorphic to a disk. Since the boundaries of digital images, as we will define them, are always compact, and since connectivity in the context of the Spherical Homeomorphism Conjecture is inherent, the only obstruction to the boundary of a digital image being a surface is the requirement that it be locally homeomorphic to a disk. We refer to the elementary digital images of Fig. 1(a) -(c) which are, respectively, in 2;2;1 , 2;2;2 , and 2;2;2 , as forbidden digital images.
Note that Fig. 1(b) and (c) are complements of each other. The boundaries of these three forbidden digital images are not locally homeomorphic to a disk due to zero-dimensional (0-D) or one-dimensional (1-D) identifications on their boundaries. We say two digital images B , C are equivalent if there is an isometry (spatial rotation or reflection) from B onto C . We extend the term "forbidden" to include any elementary digital image containing a subimage equivalent to a forbidden image. In particular, the elementary digital images in Fig. 2 which are marked with an 3 are forbidden.
Theorem 1: For any digital image A q;r;s , @ A is locally homeomorphic to a disk if and only if A contains no forbidden subimage.
Proof of Theorem 1: If A contains a forbidden subimage then @ A is not locally homeomorphic to a disk at a 0-D or 1-D identification on the boundary of the forbidden subimage. Conversely, if there is a point on @ A where @ A is not locally homeomorphic to a disk then, for some elementary subimage E of image A, this point corresponds to a point on @ E where @ E is not locally homeomorphic to a disk. We only need to verify that this E is a forbidden digital image, and the result follows. Indeed, it is straightforward to enumerate all classes of equivalent elementary digital images; the numbers of such classes with 0, 1, 2, 3, 4, 5, 6, 7, 8 voxels, respectively, are 1, 1, 3, 3, 6, 3, 3, 1, 1. The 12 different classes with 2, 3, or 4 voxels are displayed in Fig. 2 ; all other classes are trivial or "dual" to these through complementation. By inspection, those classes E such that @E is not locally homeomorphic to a disk (which are marked with an 3 in Fig. 2 ) are forbidden.
Let n be a positive integer greater than 2 and set = 1=n. . The -thickenings of (the original three) forbidden 1 We could alternatively define by expanding about in all three dimensions (without affecting any result in this manuscript), but the definition we use here greatly simplifies exposition later. images are displayed in Fig. 3 ; note that the boundary of each of these thickened images is locally homeomorphic to a disk. Note that if @A is a surface then A contains no forbidden subimages. From this it is easy to verify that, when @A is a surface, the type of connectivity (6 versus 26) used in defining the foreground and background graphs is immaterial.
We now present our main result. is topologically equivalent to a sphere if and only if both G f (A) and G b (A) are graph-theoretic trees.
